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Sign problem

ZGC(V, T, µ) =

∫
DU e−Sg(U)|detM2(µ; U)| detM2(µ; U)

|detM2(µ; U)|

〈O(U)〉 =
〈O(U)eiφ(U)〉0
〈eiφ(U)〉0

eiφ(U) =
detM2(µ; U)

|detM2(µ; U)|
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Overlap problem

P(µ; x) = 1√
π

e−(x−µ)2
〈x〉µ =

〈
x P(µ;x)

P(0;x)

〉
0〈

P(µ;x)
P(0;x)

〉
0
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Formulation I

Use the fugacity expansion

ZGC(V, µ, T) =
n=4V∑

n=−4V

ZC(V, k, T)eµk/T

we get

ZC(V, T, k) =
1

2π

∫ 2π

0
dφ e−ikφZGC(V, T, µ)|µ=iφT
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Formulation II

Definition

detkM2(U) ≡ 1
2π

∫ 2π

0
dφ e−ikφ det M2(m, µ; U)|µ=iφT

ZC(V, T, k) ≡
∫
DU e−Sg(U)detkM2(U)

Charge conjugation symmetry

ZC(V, T, k) = ZC(V, T,−k)

〈detkM2(U)〉 = 〈Re detkM2(U)〉

ZC(V, T, k) =

∫
DU e−Sg(U) Re detkM2(U)
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Dynamical simulation

Canonical partition function

ZC(V, T, k) =

∫
DU e−Sg(U)detkM2(U) =∫

DU e−Sg(U)detM2(U)
|Re detkM2(U)|

detM2(U)

detkM2(U)

|Re detkM2(U)|

Standard HMC Accept/Reject Phase

Accept/Reject based on
|Re detkM2(U)|

detM2(U)
is done in the simulation.

Avoid Overlap Problem ! Reduce determinant fluctuation
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Discrete Fourier transform

d̃et kM2[U] =
1
N

N−1∑
j=0

e−ikφj det M2[U, φj] φj =
2πj
N
.

Numerically unstable and computationally impossible at larger k!
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Winding number expansion
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Winding number expansion

det M(U, φ) = exp(Tr log M(U, φ))

Tr log loop loop expansion
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Winding number expansion I

Loop expansion

Tr log M(U, φ) = A0(U) + [
∑

n

einφWn(U) + e−inφW†n (U)]

= A0(U) +
∑

n

An cos(nφ+ δn),

Analytical solution∫ 2π

0

dφ
2π

e−ikφeA0+A1 cos(φ+δ1) = eA0+ikδ1 Ik(A1)
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Winding number expansion II
Analytical solution

∫ 2π

0

dφ
2π

e−ikφeA0+A1 cos(φ+δ1)eA2 cos(2φ+δ2)+A3 cos(3φ+δ3)+...

=

∫ 2π

0

dφ
2π

e−ikφeA0+A1 cos(φ+δ1)(1 + A2 cos(2φ+ δ2) +
1
2!

A2
2 cos(2φ+ δ2)

2 + ...)×

(1 + A3 cos(3φ+ δ3) +
1
2!

A2
3 cos(3φ+ δ3)

2 + ...)× ...

= c00Ik(A1) + c+01Ik+1(A1) + c−01Ik−1(A1) + c+02Ik+2(A1) + c−02Ik−2(A1) + ...

More discussion:
X. Meng, A. Li, A. Alexandru, KF Liu arXiv:0811.2112v2 [hep-lat]
Christof Gattringer, Ludovit Liptak arXiv:0906.1088v1 [hep-lat]
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Winding number expansion
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Winding number expansion
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Measurements

Baryon chemical potential

〈µ〉nB
=

F(nB + 1)− F(nB)

(nB + 1)− nB
= − 1

β
ln

ZC(3nB + 3)

ZC(3nB)
= − 1

β
ln
〈γ(U)〉o
〈α(U)〉o

α(U) =
Re det3nB M2(U)

|Re det3nB M2(U)| and

γ(U) =
Re det3nB+3M2(U)

|Re det3nB M2(U)| .

Polyakov loop

〈|P|〉 =
〈|P|α〉0
〈α〉0
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Simulation parameters

Simulation parameters

Nf lattice size gauge action fermion action mπ
2 63 × 4 Iwasaki Clover 720(10) MeV
4 63 × 4 Iwasaki Clover 810(20) MeV
3 63 × 4 Iwasaki Clover 730(15) MeV
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Sketch of phase diagram
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Zero chemical potential phase transition

Susceptibility of Polyakov loop
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Maxwell construction
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4 flavors
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Extrapolation
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Extrapolation
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Philippe de Forcrand, Slavo Kratochvila Nucl. Phys. B (Proc. Suppl.) 153 (2006) 62
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4 flavors
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2 flavors
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2 flavors
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Zero chemical potential
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Zero chemical potential phase transition

Susceptibility of Polyakov loop
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3 flavors
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3 flavors
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3 flavors
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At CEP TE/Tc(µB = 0) = 0.93(2) µB
c /TE = 3.25(7)
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Summary

• Canonical ensemble approach overcomes the overlap problem.

• First order can be seen as “S-shape” by finite volume effect.
• Wilson fermion on 63 × 4 lattice with mπ ≈ 700 MeV shows Nf = 2 is 2nd order

(?) down to 0.83Tc, Nf = 4 is first order.
• Iwasaki + Clover fermion on 63 × 4 lattice with mπ ≈ 700 MeV results for

Nf = 3 are first order. Critical end point is determined by extrapolation.
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Future plan

• Lighter quark masses
• Chiral fermions (Overlap fermion)
• Larger volume, Fold projected determinant into molecule dynamics
• Measurements of other physical quantities (Hardon mass, chiral

condensation)
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Winding number expansion
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Winding number expansion
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